Higher-order localized waves in coupled nonlinear Schrödinger equations are investigated by the generalized Darboux transformation. We show that two dark-bright solitons together with a second-order rogue wave of fundamental or triangular pattern and two breathers together with a second-order rogue wave of fundamental or triangular pattern coexist in the second-order localized wave for the coupled system. Moreover, by increasing the value of one free parameter, the nonlinear waves in the second-order localized wave can merge with each other. The results further reveal the abundant dynamic behaviors of localized waves in coupled systems. Localized waves, including bright or dark solitons, breathers and rogue waves, have become of great interest in the field of nonlinear science in recent decades.
Localized waves, including bright or dark solitons, breathers and rogue waves, have become of great interest in the field of nonlinear science in recent decades. [1−6] Compared to the breathers which are localized in space or time (Ma or Akhmediev breathers), [3, 4] rogue waves (also known as freak waves) are localized in both space and time, and appear from nowhere and disappear without a trace. [5−9] A wave belongs to this category when its amplitude or steepness reaches several times larger than the average crest, and it is well known that the rational form solution can describe rogue waves in mathematics. [7, 10] Recent studies on localized waves have gradually concentrated on the multi-component coupled systems. [11−19] For instance, in Ref. [14] , Baronio et al. studied the interactions between a rogue wave and a dark-bright soliton or a breather in the coupled nonlinear Schrödinger (NLS) equations; one free parameter in their solution plays an important role in controlling the dynamic properties of the localized waves.
In this Letter, motivated by the work of Baronio et al., we consider coupled NLS equations (the Manakov system),
The coupled NLS equations have been derived as an important model in two-mode or polarized nonlinear optics, [20] and there has been a surge of great interest in studying their integrability and explicit solutions. [10,21−24] Our aim is to generalize Baronio's work [14] into the higher-order case. By using the generalized Darboux transformation (gDT) method, [25−28] a family of higher-order rational and semi-rational solutions are derived for Eqs. (1) and (2) . We find that two dark-bright solitons together with a second-order rogue wave of fundamental or triangular pattern and two breathers together with a secondorder rogue wave of fundamental or triangular pattern can coexist in the second-order localized wave for the coupled system. Moreover, by increasing the value of in the solution, the rogue wave and the other nonlinear waves merge with each other.
We start from the Lax pair of Eqs. (1) and (2), which admits
where
) is the eigenfunction, and is the spectral parameter. By direct calculation, it is easy to prove that Eqs. (1) and (2) can be exactly reproduced from the compatibility condition of the Lax pair.
In what follows, based on the DT of the AblowitzKaup-Newell-Segur (AKNS) spectral problem, [29, 30] the gDT of Eqs. (1) and (2) 
Then the gDT can be defined as the following iterative form
It should be remarked that Eqs. (6)- (8) give rise to an th-order localized wave solution of Eqs. (1) and (2) . In the following, by choosing an adequate eigenfunction Ψ 1 , these formulas will be applied to generate localized wave solutions of Eqs. (1) and (2) .
In the following, we begin with a nontrivial seed solution to Eqs. (1) and (2),
where 1 and 2 are real constants, = ( 
2 ),
where 
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It is straightforward to verify that Ψ 
√
. Hence, from the first-step gDT, we arrive at
The validity of the above solution can be directly verified by putting it back into Eqs. (1) and (2) . At this point, we obtain the first-order localized wave solution with a semi-rational, multi-parameter form that has been studied by Baronio et al. [14] The parameter plays an important role in controlling the dynamics of the localized wave.
After that, by substituting the explicit expressions of Ψ 1 in Eq. (11) into the following limit
together with Eq. (6) with = 1, and Eqs. (7) and (8) with = 2, the more complicated second-order localized wave solution can be derived. Here we omit the concrete expressions of [2] and [2] , since it is quite cumbersome to write them down here, although it is not difficult to verify their validity with the help of Maple. Next, we discuss the dynamics of the higherorder localized waves.
(i) When = 0, [2] is proportional to [2] , which can be seen as the vector generalization of the secondorder rogue wave solution of the scalar NLS equation, and has been studied by Zhai et al. [23] (ii) When ̸ = 0, 1 ̸ = 0 and 2 = 0, the second-order dark-bright-rogue wave solution can be obtained. We see that in Figs. 1 and 2 , two dark-bright solitons together with a second-order rogue wave of fundamental pattern and triangular pattern coexist in the second-order localized wave, respectively. In Fig. 1(a) , the maximum amplitude of the localized wave in the component is five and occurs at (0, 0). In Fig. 2(a) , there are three highest humps in the localized wave, their amplitudes are 2.9225, 3.0304, 3.0304, and arrive at (3.5569, 0), (−1.8776, 1.4540), (−1.8776, −1.4540), respectively. While considering the zero-amplitude background crest, the rogue wave in the component is difficult to observe because of its small amplitude, see Figs. 1(b) and 2(b) . Furthermore, by increasing the value of , the rogue wave and the dark-bright solitons merge with each other, see Fig. 3 . The maximum amplitude of the localized wave in the component is 2.6728 and occurs at (0.0743, 0), in the component it is 3.6588 and occurs at (0.1594, 0). In conclusion, we generalize Baronio's work into the higher-order case by the gDT method. Some interesting higher-order localized waves are explicitly shown in Figs. 1-6 . Our results further reveal the striking dynamic structures of localized waves in a coupled system, and we hope the higher-order localized waves presented in this work will be verified in physical experiments in the future.
